Flexible/biased cell association in uniform Heterogeneous Cellular Network (HCN) can lead to poor offloading, particularly near to the Macrocell Base Station (MBS). Additionally, in the cell-edge region, a user might offload to an SBS even if unbiased cell association is employed. In this paper, firstly, we consider a Non-uniform HCN (NuHCN) model in which SBSs are not deployed in a circular region around each MBS within a predefined radius, which we call the inner region. Secondly, we define the outer region, which is disjoint to the inner region, as the cell-edge region. In these two regions, based on maximum received power; we propose hard cell association scheme, where users located in the inner region shall only be served by MBS, whereas users located in the outer region shall be served only by SBS. Finally, for the region between the inner and the outer region, called the annular region, we shall use the flexible cell association scheme. Based on the proposed system model, analytical closed forms for the downlink coverage and single user throughput are derived. It is observed that with non-uniform deployment of SBSs and precisely selecting the size of inner, annular, and outer region, both coverage and single user throughput are significantly improved compared to uniform HCN.
I. INTRODUCTION
The evolution of mobile communications, from the earliest First Generation (1G) systems to the current Fourth Generation (4G) systems; has been mainly due to the increased penetration of smart phones in the market. These in turn have caused an increase in the demand of high speed data traffic. This demand is likely to increase further. Henceforth, future ''5G and beyond'' systems, should be able to cope with this increased demand of high speed data. Some of the key requirements of the future cellular networks are: availability of high speed data, improvement in network efficiency, interworking with other Radio Access Technologies (RAT), and energy efficient base station [1] .
Traditional cellular networks topology; in which only high power Macrocell Base Stations (MBSs) are deployed, covering a few kilometers and serving 1000+ users, are inefficient The associate editor coordinating the review of this manuscript and approving it for publication was Danping He . to meet the above outlined requirements. The factors that lead to this inefficiency are mobile users location, their distance from MBS, and their density [2] . A mobile user location is not fixed; and can be present indoors/outdoors. For indoor users; the MBS will have to cater for the path loss, shadow fading, and penetration loss.
On the other hand, for outdoor users; fast fading effects have to be dealt with by the MBS. Furthermore, as the mobile user moves toward the cell-edge region, a significant reduction of the downlink signal strength will affect the coverage performance of the network [3] . Moreover, a high user density shall limit the network capacity of the traditional MBS.
The factors discussed above, clearly show why; a traditional macrocell-only network topology is unable to meet the key requirements to support future cellular systems. However, some distributed solutions exist; which combined together shall surely be able to meet the above mentioned requirements. These distributed solutions are: (i) Femtocell deployment for indoor coverage and (ii) Picocell deployments for cell-edge coverage [2] - [4] . These solutions, when implemented in the traditional macrocell-only deployment, give rise to a new cellular network topology; known as Heterogeneous Cellular Network (HCN) topology. This newly developed HCN topology consists of macro-BSs, pico-BSs, femto-BSs, and/or relay-BSs; more commonly known as small base stations (SBSs). These BSs differ from each other in terms of transmit power levels, coverage area, signalto-interference-plus-noise-ratio (SINR) threshold, path loss exponents, carried traffic, density etc. [4] and [5] . HCNs are also known as multi-tiered networks because there exist a different tier of macro-BS, pico-BS, femto-BS and relay-BS. These tiers, collectively aim to increase the coverage and capacity of the traditional macro-BS only network; by offloading a portion of macrocell traffic to the small cells [5] - [8] . An efficient cell association scheme is the key to good offloading of users from one tier to another. In [9] , the authors have discussed three types of cell association schemes, 1) Minimum Distance, where association is to the nearest BS, 2) Biased Received Power (BRP); also called flexible cell association, where association is to the BS providing the maximum biased received power, and 3) Maximum Received Power (MRP), or unbiased cell association, in which the association is to the BS providing the maximum received power.
A. RELATED WORK
Traditional cellular network topology, which was a macrocell-only topology, considered a hexagonal grid geometry where the macro-BSs were placed in the center of the hexagons. The mobile users were placed randomly or deterministically, [10] and [11] . These models were not highly tractable, thus complex system-level simulations were performed to obtain the results on outage/coverage probability and rate for a typical user, [11] and [12] . Thus, there was a need to redesign the network topology to provide highly tractable models. Authors in [13] , instead of placing BSs deterministically on a regular grid, proposed to model their location as a homogeneous Poisson Point Process (PPP) of density λ. In fact, they applied the theory of Stochastic Geometry; [14] - [16] ; to model and analyze wireless networks. They showed that, modeling of the BS using tools from stochastic geometry is proved to be as accurate as the traditional grid models.
The cellular coverage performance of the low-power small cells, also known as small base stations (SBSs), depends upon the location of these SBS. Several interesting facts about SBS deployments have been presented in the literature. First, in [17] and [18] , it has been observed that, the coverage area of a SBS increases as its distance from the MBS increases. This is practically the case when SBS are located at the edge of the macrocell coverage area; this leads to good offloading of the MBS. However, when SBSs are located close to the MBS, poor offloading effects occur, due to the fact that; the MBS transmit power will always be greater than the transmit power of the SBS. Furthermore, SBSs close to the MBS; cause cross-tier interference to the MBS users that are attached to the MBS. Second, in [19] , the authors observe that, the overall coverage of the network remains unchanged by increasing the density of the SBS. This is due to the increased interference caused by the SBS; in the regions where satisfactory macro coverage is available. An important question that arises from the discussion above is, whether or not we can improve, the coverage and capacity of the macrocell network, by restricting the deployment of SBS in regions where adequate macrocell coverage exists. This type of SBS deployment is commonly referred to as non-uniform SBS deployment; wherein, we refrain from using SBSs in the region where the macro-network provides satisfactory coverage for its users.
As our paper deals with Non-uniform HCN (NuHCN), also called Non-uniform Small Cell Network (Non-uniform SCN) [7] , where SBSs are deployed mainly in poor MBS coverage area, we shall only discuss the literature that deals with the NuHCN, for which not much work has been done recently. In [6] , the authors proposed the first non-uniform deployment of SBSs. In their model, the small base stations are placed at the edges of the MBS coverage area, which is represented by a Voronoi cell. This placement of SBS on the edge of the MBS coverage area; is done to ensure that the MBS cell-edge users get satisfactory service in poor MBS coverage locations. In [7] , the authors divide the MBS coverage area into two regions. Using Poisson Hole Process (PHP), the SBSs are deployed throughout the MBS coverage area. This deployment of the SBSs via the PHP, results in no SBS being located at a certain distance from the MBS (this visually means; a circle of some radius where no SBS exists near the MBS). This region in which no SBS exists is termed as the inner region, and the region expanding outwards from this inner region to the cell boundary is termed as the outer region. Results for coverage and rate are derived for both uniform and nonuniform case. Recent work considering a NuHCN deployment has been done by [8] . In this paper, the authors declare the same two regions (inner and outer). However, the authors distribute the SBS according to a PPP instead of a PHP. The authors assume that the SBS in the inner region are muted. Furthermore, the authors use the concept of cell biasing, (cell range expansion) as proposed by [17] in the outer region. With the help of cell biasing; the SBSs in the outer region are given an extra edge over the MBS power, and hence, the SBS attract those users that are initially associated with the MBS. This improves MBS offloading. Results for coverage and rate are also obtained. Recently, in [20] ; modeling and analysis of non-uniform two-tier networks, based on Stienen's model, is presented. The results are analyzed in terms of coverage, throughput, and energy efficiency. More recently, authors in [21] analyzed non-orthogonal multiple access (NOMA) technique in heterogeneous networks; with non-uniform SBS deployment. In the proposed approach, the SBSs inside a predefined distance from the MBS are made to sleep. Coverage, throughput, and energy efficiency analysis is performed to evaluate the performance of the proposed NOMA framework.
B. MOTIVATION AND JUSTIFICATION OF THE PROPOSED APPROACH
The motivation behind this work mainly comes from the work presented in [7] and [8] . An illustration of the deployment scenarios of these two different models is given in Fig. 1 . In the figure, part (a) shows the SBS deployment strategy proposed by [7] , and part (b) shows the SBS deployment strategy employed by [8] . One thing is clear that, both models consider the same division of the macrocell region (i.e. inner and outer region). Now refer to Fig. 1 (a); in this non-uniform strategy, the SBSs are placed at locations where the MBS coverage is poor (i.e. the cell-edge). No cell biasing is employed, and the SBS offload macro-users in the cell-edge region which the authors term as the outer region. In part (b), the deployment scenario of [8] is shown. The deployment of SBSs in this case is totally different than that of [7] . The SBSs are placed anywhere outside the inner region. Furthermore, cell biasing is employed for offloading the macro-user in the outer region. This gives improved load balancing than [7] .
Before we discuss our proposed model, let us discuss some shortcomings of the existing schemes which motivated us to propose our NuHCN model. For instance, in [7] the authors did not mention which entity (either SBS or MBS) will serve a user if he is located outside the inner region (i.e. outer region), but not located on the cell-edge where SBSs are placed. Also no cell biasing is employed to improve offloading of macrousers. In [8] , the authors proposed cell association scheme for cell-edge users. In that scheme, a user is only associated with an SBS at the cell-edge if the un-biased or biased received power from an SBS is greater than the un-biased received power of the MBS. This cell association scheme for cell-edge users seems to be a major drawback in their model, since a user will receive a considerably weak power from the MBS when the user is located at the cell-edge. Thus, a typical user will almost surely associate with an SBS when the user is located at the cell-edge. Therefore, there should not be any contention between the SBS and the MBS for the cell-edge users, as the cell-edge users will surely prefer to connect to the closest SBS, rather than connect to an MBS located far from them. A comparative table describing the differences between the works presented in [7] and [8] with our work is shown in Table 1 .
Based on the drawbacks of the existing models, we have proposed a new model in which there are not two, but three regions of a macrocell coverage area. The inner region is where no SBS is allowed to transmit. We model this through a PHP just like [7] . Then we have an annular region, where the SBS and MBS will contend for user association. In this region, the SBS will be given a bias to improve the macro offloading just like [8] . The third region is the outer region where only SBS will provide service to the users. No contention between SBS and MBS will take place in this region as SBS will always have a high power advantage over the MBS.
A pictorial view of the proposed NuHCN is depicted in Fig. 2 . In the figure, an approximate graph of the power received by the user against the distance of the user from MBS is also included, which clearly shows that the received power decreases nonlinearly with distance. As shown in the figure, the MBS coverage area is assumed to be 4 km. Near the MBS i.e. the inner region (solid green line), the received power from the MBS will always dominate the received power from the SBS, so no SBS is deployed in this region. In the annular region (solid blue line), the received power from the MBS decreases considerably and macro-users in this area can be offloaded to an SBS with or without biasing. As in real deployments, the actual coverage area of a BS is always less than what is predicted through measurements (normally the coverage area of a cell site is measured in clutter free environment where a line of sight (LOS) exists). Thus, this remaining area i.e. outer region (solid brown line), where the received signal strength from the MBS is virtually nonexistent, the SBS without any biasing will be able to service the cell-edge users. Therefore, the users located in the area above 3.5 km and 4 km will be served by an un-biased SBS. Thus, there is no contention between the SBS and the MBS in the cell-edge region as in [8] .
C. CONTRIBUTIONS
The main aim of this work is to study the downlink performance in terms of coverage and single user throughput of the proposed NuHCN.
As shown in [13] , modeling the cellular network with BS locations drawn from a PPP is as accurate as the traditional grid models. Therefore, in this work, we apply the stochastic geometry to model the locations of BSs and analyze the performance of the network
The main contributions of this paper are as follows: 1) We propose to divide the macro-BS coverage area into three regions (i.e. inner. annular, and outer region) contrary to what has been done in [7] and [8] . The union of locations within a prescribed distance from any macrocell BSs is defined as the innerregion. Furthermore, the union of locations within a prescribed distance outside the innerregion, but inside a predefined region is called the annularregion. Lastly, the union of location outside the annularregion is defined as the outerregion. This distribution of the MBS coverage area into three regions has not been done in literature to the best of our knowledge. 2) No SBS is allowed to transmit in the inner region. This deployment is modeled through a PHP. However, SBSs can exist anywhere outside the inner region (i.e. annular and outer region). Therefore, user located in the inner region will be served by the MBS only. 3) Both the SBS and MBS compete for user association in the annular region. However, only SBS provides access to the users in the outer region. 4) We further utilize the concept of cell range expansion (CRE) or cell-biasing (CB) to allow the SBSs to offload MBS traffic in the annular region. 5) We derive the association probabilities of the typical user with MBS and SBS. 6) We derive the conditional probability density function (PDF) of statistical distance of the user from its serving BS. 7) These conditional PDFs together with association probabilities are used to derive the closed form expressions for the coverage probability and single user throughput. Compared with uniform HCN, we demonstrate that this novel approach of having three regions combined with CB, provides much improvement in both the network coverage and capacity.
The remainder of the paper is organized as follows: In Section II, the downlink model and cell association scheme of the proposed NuHCN are introduced. The tractable result for the downlink coverage and the achievable single user throughput are provided in Section III and IV respectively. Section V presents the numerical results. Practical deployment of proposed solution is provided in Section VI. Section VII concludes the paper.
II. DOWNLINK SYSTEM MODEL
In this section we describe the considered system model together with the assumptions and then we present the proposed NuHCN. Finally, the proposed cell association scheme is explained along with its probabilistic characteristics.
A. SYSTEM MODEL
A snapshot of the downlink environment of HCN is considered at a particular moment of time. It is assumed that HCN consists of two tiers, the macro and small cell tiers, also called first and second tier respectively. These two tiers are spatially distributed as two-dimensional processes 1 and 2 , with different transmit powers, P t,1 and P t,2 , respectively, and are assumed to hold across the tier. The macrocell tier is modeled as homogenous PPP with density λ 1 . Furthermore, it is assumed that the mobile users are located with another independent homogenous PPP u with density λ u . We consider the process u ∪{o} obtained by adding a user at the origin of the coordinate system i.e. o(0,0), which is the typical user under consideration. This is allowed by Slivnyak's Theorem [15] , which states that the properties observed by a typical point of the PPP u , are identical to those observed by the origin in the process u ∪ {o}.
We consider that the desired and interference downlink signals of both tiers experience path loss with constant L o at the reference distance r o = 1 m, and different path loss exponent α i > 2 ∀ i = 1, 2, which is permissible in consideration with empirical value in cellular network [22] . The random channel gains experienced by the typical user from the serving and the interfering BSs are assumed to be Rayleigh distributed. Consequently, the impact of fading on the power follows the exponential distribution with unitary mean value.
Orthogonal multiple access technique is considered to avoid intra-cell interference. The thermal noise power is assumed to be additive and constant with value α 2 . Furthermore, it is assumed that there is no unloaded BS in the considered scenario i.e. each BS always has data for the downlink transmission to its associated user and the BSs available bandwidth W is evenly allocated among all its associated users, namely, the typical user and the other in-cell users. Table 2 provides the notations used throughout this paper.
B. PROPOSED NON-UNIFORM HCN
In this section, we shall describe our proposed three region NuHCN and formulate the association probabilities for those three regions. In our proposed NuHCN, the whole macrocell area A is divided into m regions, denoted as A m , where m ∈ {inner, annular, outer}. Thus the inner, annular and outer regions of the macro cell are denoted by A inner , A annular and A outer , as shown in Fig. 2 . More specifically, the disjoint cells of the Poisson Voronoi Tessellation (PVT) induced by deploying MBSs according to homogenous PPP 1 with density λ 1 are further divided into three disjoint regions namely; inner, annular, and outer cell regions.
Let x ∈ 1 be the location of MBSs in the available space (x ∈ R 2 ), then the inner, annular, and outer cell regions could be defined in terms of the circles C(x, D 1 ) and C(x, D 2 ) centered at x with radii D 2 > D 1 as follows:
1) Cell inner region, A inner :
2) Cell annular region, A annular :
3) Cell outer region, A outer :
Therefore, following the PPP's void probability [15] , the typical user's probability to be located in the inner, annular and outer cell region, are respectively given by:
and
Equations (4-6) will be used later to derive the coverage and throughput probabilities. The main purpose of deploying SBSs non-uniformly, (i.e. deploying SBSs in the areas where MBSs coverage is unsatisfactory), is to improve the coverage probability achieved at a typical user. Therefore, the SBSs are deployed according to the homogenous PPP with density λ 2 in the annular and outer regions only, thus making the small cell tier process
C. PROPOSED CELL ASSOCIATION SCHEME
We assume that all MBSs and SBSs are open access and there is no limitation on the number of users served by each BS. It has been shown in [8] and [17] that the probabilistic characteristics of throughput can be improved by cell association based on maximum biased-receive power (BRP), (termed biased association).
Specifically, the selected tier index κ ∈ {1, 2} is defined as
where P i = P t,i L 0 and B i is the i-th tier cell bias. Note that when B i = 1∀i, then the association model in (7) is referred to as maximum receive power (MRP), (termed unbiased association). In this work, we assume that B 1 = 1 and B 2 > 1. Finally, the random variable R i is the minimum distance from the i-th tier BSs to the typical mobile user located at the origin, that is R i = min x∈ i
x . The probability density function (PDF) of R i was derived in [16] , and given by
where r is a sample value of R i . Equation (8) is regenerated for completeness, and to be used later to derive the PDF of the statistical distances of the typical user to its serving BS; a quantity that is essential to derive association and coverage probability. Now, with reference to the proposed Non-uniform SCN together with BRP and MRP, we propose the following cell association scheme:
1) Since SBSs are not deployed in A inner due to their limited coverage; therefore, the typical user will only be served by the MBS in this region (hard association), based on maximum received power association metric, i.e., κ = 1 and the MRP is given by
2) The typical user in A annular ; could be served by MBS or SBS, based on maximum biased received power association metric (flexible association). In this region, SBSs are allowed to expand their cell size to improve the rate by offloading the users from the capacity-constrained MBSs to the lightly loaded SBSs, thus
where P (B) r,i is the i-th tier BRP given by
3) In the outer region A outer , where the coverage of MBS is poor, the typical user will only be served by the SBS (hard association), based on maximum received power association metric, i.e., κ = 2 and the MRP is given by
It is apparent from the above discussion that, the typical user per tier association probability, not only depends upon its minimum distance from the i-th tier BSs; but also, on its locality in the MBSs cell region (i.e. o ∈ A m , where m ∈ {inner, annular, outer}). Therefore, we define the random variable X i as the distance between the typical user and its serving BS, given the condition that the user is served by the i-th tier. Thus, the cumulative distribution function (CDF) of X i can be defined in terms of R i as followed by [7] and [17] 
where x = x . Consequently, as per our proposed cell association scheme, the PDF of X i conditioned on o ∈ A m , where m ∈ {inner, annular, outer} is given in Lemma 1, Lemma 2, Lemma 3, and Lemma 4 as follows:
Lemma 1: The PDF of X 1 for an inner region typical user is given by
Proof: See Appendix A. Lemma 2: The PDF of X 1 for an annular region typical user is approximated by
whereP P 2 /P 1 ,B B 2 /B 1 and C 1 is a constant given by (16) , as shown at the bottom of this page.
Proof: See Appendix B.
Lemma 3: The PDF of X 2 for an annular region typical user is approximated by
where C 2 is a constant given by
Proof: See Appendix C. Lemma 4: The PDF of X 2 for an outer region typical user is approximated by
Proof: See Appendix D. The per tier user association probability is defined as
Then, using (14-18), the typical user's association probability with MBS and SBS tier is presented in Lemma 5 and Lemma 6 respectively. Lemma 5: The probability that a typical user is associated with MBS is
and the conditional association probability with MBS tier in the annular region is of great importance which is defined as 1,annular P [κ = 1|o ∈ A annular ] and given by (22) , as shown at the bottom of this page.
Proof: See Appendix E. Lemma 6: The probability that a typical user is associated with SBS is
and the conditional association probability with SBS tier in the annular region is of great importance which is defined as 2,annular P [κ = 2|o ∈ A annular ] and given by
Proof: See Appendix F. In (21) and (23), if we set D 1 = D and D 2 → ∞, we obtain the results of two region NuHCN shown in [7] . Moreover, if we set D 1 = 0, we obtain the results for uniform HCN presented in [17] . Hence, results for association probabilities shown in [7] and [17] are special cases of (21) and (23) . Furthermore, if we approximate the exponential functions in (21) and (23) by only first two terms of their power series expansion, we can notice that; although user prefers to associate with the tier of higher density, transmit power and bias; the influence of the radii D 1 and D 2 are more dominant.
III. SINR ANALYSIS AND COVERAGE PROBABILITY
In this section, we calculate per tier SINR provided that the typical user is located in the inner, annular and outer region to evaluate the coverage probability of the proposed NuHCN.
A. SINR ANALYSIS
Based on the proposed cell association scheme given in section II, the SINR can be calculated as follow:
1) SINR in A inner : Since the typical user lying in this region will only be served by an MBS located at x, thus the SINR received at this user from the serving MBS can be expressed as
where x is an arbitrary distance between the typical user located at o(0, 0) and its serving BS. It is a sample value of the random variable X 1 whose distribution is given in Lemma 1. Further, I 1 = j∈{y,z} I 1j is the cumulative interference from all other BSs except the serving BS of the MBS tier. It is given by
Here, h x is employed to denote the channel fading gain from the serving BS located at x, whereas h y and h z are the values for interfering co-tier and cross-tier BSs located at y and z, respectively. Based upon the Rayleigh fading assumption, these channel fading gains are unitary mean exponentially distributed random variables.
2) SINR in A annular : In this region, there are two possible associations. If the typical user is served by the MBS located at x, then SINR is calculated as follow
On the other hand, if the typical user is served by an SBS located at x, then the SINR is expressed as
where the condition, D 1 < X 1 ≤ D 2 , is imposed to indicate that the typical user is located in the annular region. In (28), I 2 = j∈{y,z} I 2j is defined as
is the aggregate interference from all other BSs except the serving BS of the SBS tier.
3) SINR in A outer : In this region, the typical user will only be associated with an SBS located at x, therefore, the SINR is expressed as
where the conditions X 1 > D 2 is imposed to indicate that the typical user is located in the outer region.
B. COVERAGE PROBABILITY
The coverage probability denoted by p c (T ); can be thought as; the probability that the instantaneous received SINR at the typical user data channel is above a target SINR threshold T (i.e. p c (T ) P [SINR > T ]), which is in fact the Complementary Cumulative Distribution Function (CCDF). Based on the SINR analysis presented above, and the conditional distributions of X i along with the association probabilities presented in section II, the coverage probabilities provided that the typical user is located in the inner, annular, and outer regions are presented in Theorem 1, Theorem 2, and Theorem 3 respectively. Note that the function ρ (a, b) below is defined as
Theorem 1: The coverage probability for the typical user in the cell inner region is approximated by
Proof: See Appendix G. 
and p c,2,A annular (T )
Proof: See Appendix H. Theorem 3: The coverage probability for the typical user in the cell outer region is approximated by
Proof: See Appendix I. The following; Corollary 1 provides the coverage probability for a randomly chosen typical user, which can be easily obtained by expanding the coverage probability into inner, annular, and outer regions. 
where P [o ∈ A m ] for m ∈ {inner, annular, outer} are provided in (4-6).
IV. LOAD DISTRIBUTION AND RATE COVERAGE
In this section, we derive the load distribution and the rate coverage of the proposed Non-uniform SCN.
A. LOAD DISTRIBUTION
Based on the association probabilities obtained in Subsection II.C, the per-tier load distribution is given in the following Lemma.
Lemma 7: The probability mass function (PMF) of the number of in-cell users, sharing the resource with the i-th tier BS typical user is approximated by
where b = q = 3.61, i .for i = 1, 2 is given in (21) and (23) respectively; and i,annular for i = 1, 2 is given in (22) and (24) respectively.
Proof: See Appendix J.
B. RATE COVERAGE
Rate coverage denoted as R c (ρ), (also called throughput), is defined as the probability that a randomly chosen user can achieve a target rate or rate threshold ρ, (i.e. R c (ρ) P [R > ρ]). Similar to the coverage probability analysis presented in Subsection III-B, we will first focus on the throughput in the inner, annular, and outer regions separately. Theorem 4: The CCDF of the throughput achieved at the typical user in the inner region is given by
where P [N 1 = n] is given in Lemma 7.
Proof: See Appendix K. Theorem 5: The CCDF of the throughput achieved at the typical user in the annular region is given by
Proof: See Appendix L. Theorem 6: The CCDF of the throughput achieved at the typical user in the inner region is given by
where P [N 2 = n] is given in Lemma 7.
Proof: See Appendix M. In the following; Corollary 2, the distribution of the throughput for a typical user is provided.
Corollary 2: Considering resource sharing, the CCDF of the throughput achieved at the typical user can be expressed as
A annular ] and P [o ∈ A outer ] are given in (4), (5) and (6) respectively.
V. NUMERICAL RESULTS
In this section, we present the numerical results for the coverage and single user throughput of the proposed Non-uniform SCN model. In all numerical results, we assume the transmit power of macro and small cell BSs as P t,1 = 46 dBm and P t,2 = 20 dBm respectively. Furthermore, the small cell density is assumed to be ten times the macro cell density (i.e. λ 2 = 10λ 1 per km 2 ), and the mobile user density is λ u = 10 per km 2 . The path loss constant at 1 m is assumed to be L o = −34 dB, and the path loss exponent for macro and small cell tier are considered to be equal (i.e. α 1 = α 2 = 4). Moreover, the thermal noise power and the BSs bandwidth are assumed to be σ 2 = −104 dBm and W = 1 Hz respectively. The validity of the analytical results, for the proposed NuHCN model is verified by conducting Monte Carlo simulations. In each network realization, the MBSs and SBSs are deployed independently according to the proposed system model. By generating independent Rayleigh random variables for the fading channels, an SINR sample is obtained at the typical user, which is considered to be fixed at the origin.
A. COVERAGE PERFORMANCE
Results for coverage probability of the proposed Nonuniform SCN are demonstrated in Fig. 3-5 , for B 1 = B 2 = 0 dB, and for different values of D 1 and D 2 . The coverage probability for uniform HCN presented in [15] is also include for comparison.
The tractable analytical results obtained in Theorem 1-3, which are approximations for inner, annular, and outer regions respectively, are reasonably accurate. The gap between analytical and simulation results is mainly due to; approximating the density of the PHP by λ 2 and the distance of the nearest interferer. However, the combined approximate result of coverage probability for a randomly chosen user presented in Corollary 1, which is also included in the figures, is observed to be in good agreement with the simulated one; thus, validating the overall analysis.
It is observed that, appropriate selection of radii D 1 and D 2 can highly improve the achievable coverage performance compared to uniform HCN, especially for low SINR threshold as shown in Fig 3. However, increasing the area of the outer region (D 2 = 500 m) can severely degrade the coverage performance for low SINR threshold as shown in Fig. 4 . Therefore, for good coverage performance, the area of the outer region should be reduced to include just the cell-edge region. On the other hand, decreasing the area of inner region although causes slight degradation in coverage performance, but still able achieve higher coverage than uniform HCN as shown in Fig. 5 .
B. THROUGHPUT PERFORMANCE
The analytical results for single user throughput presented in Theorem 4-6 are shown in Fig. 6-11 , for different values of D 1 and D 2 ; and SBS tier bias factor B 2 . The single user throughput in the whole plane given in Corollary 2 and uniform HCN [15] are also presented in the figures for comparison.
From Fig. 6 , we observe that for an unbiased association, our proposed NuHCN outperforms the uniform HCN for appropriate values of D 1 and D 2 . However, further enhancement in throughput is achieved by adding the SBS tier bias factor (B 2 = 2 dB) as shown in Fig. 7 .
On the other hand, if inappropriate value of D 2 = 500 m is selected, then the single user throughput falls rapidly from 91% to 73% as evident from comparing Fig. 6 and 8 . This is due to the reduction in coverage probability of the SBS tier in the annular region as shown in Fig. 4 . Since the throughput is directly influenced by the SINR coverage, lower SINR in SBS tier causes reduction in SBS throughput, which reduces the overall network throughput. This loss in throughput caused by inappropriate selection of D 2 is compensated by adding the SBS tier bias factor (B 2 = 2 dB) as shown in Fig. 9 .
Finally, if D 1 is inappropriately chosen (i.e. D 1 = 200 m), it can be observed by comparing Fig. 6 and 10 that, there is a slight reduction in the single user throughput for an unbiased cell association. This is mainly due to the fact that, those SBSs which were previously inactive in the inner region; have now become active in the annular region. Therefore, the number of SBSs in the annular region increases, which contribute towards more offloading of users. Hence, the SBS tier load increases which causes the achievable rate to drop. However, this reduction in the overall network rate caused by inappropriate selection of D 1 is compensated by giving bias to the SBS tier as shown in Fig.11 .
VI. PRACTICAL DEPLOYMENT OF PROPOSED SOLTUION
This section describes the possible implementation of our proposed three region NuHCN in practical deployment. In our work, we prevent deploying SBSs inside the inner region, since the power of the MBS is very high in this region, which may cause severe interference. However, the question remains how to impose this condition or prevent a subscriber from using an already bought SBS.
At initial stage, this can be managed at the customer service centers; where service providers can impose distance dependent criteria on customers for the purchase of SBS module. Such type of service is already available in the market for example, Digital Subscriber Line (DSL), in which users close to the exchange are allowed DSL connections, whereas, those outside the exchange coverage are denied the DSL connection. For our case, the service provider shall deny SBS purchase to customers living inside a predefined MBS inner region. However, customers who lie beyond the predefined MBS inner region shall be allowed to purchase SBSs. On the other hand, if a user already owns an SBS module, and he is located in the inner region, then the following are assumed to be carried in Control Channel prior to assigning a Data Channel to the user: 1) User equipment continuously reports its location to nearest MBS and SBS. 2) MBS requests SBS to stop serving the user (disassociating the user form SBS). 3) MBS requests SBS to handover the user to him (associating the user to MBS), and then MBS assigns a Data Channel to the user for data communication. In the annular region, MBS continuously communicates with SBSs and sends them bias adjustment request (to offloading users). Then user equipment sends association request to the SBS module whose biased transmission power is maximum.
In the outer region, MBS will never accept user association request, therefore, user equipment will be forced to associate with the SBS with maximum unbiased power.
It is worth mentioning that, the above discussion is part of Data Link, Network, and Transport layers of OSI reference model; that is out of the scope of the manuscript which discusses only the Physical Layer.
VII. CONCLUSION
In this paper, we have developed a new three region NuHCN model contrary to the two region non-uniform models proposed in earlier works. Furthermore, a novel association scheme; namely, Hybrid cell association scheme is proposed. In this scheme, hard cell association is used in the inner and outer regions; whereas, flexible cell association is used in the annular region. Using tools from the stochastic geometry, we provided approximate closed form expressions, for the downlink coverage and single user throughput at a randomly located mobile user. The analytical results are validated using Monte Carlo method. It is observed that, dividing the cell region into three regions (i.e. inner, annular, and outer) is practically more realistic and economical. It is interesting to observe that the cell region dividing parameters (i.e. D 1 and D 2 ) plays an important role in user association; in addition to the cell bias factor, and by carefully choosing these parameters; and factors the coverage/throughput of the network can be optimized.
APPENDIX

A. PROOF OF LEMMA 1
The cumulative distribution function (CDF) of X 1 given that the typical user is located in the cell inner region can be expressed as
where in step (a), we have applied the definition given in (13) .
In step (b), the event κ = 1 is removed since the typical user located in the cell inner region will be surely associated with the MBS tier.
Hence, the PDF f X 1 |o∈A inner (x) given in (14) can be found by differentiating (43).
B. PROOF OF LEMMA 2
The CDF of X 1 given that the typical user is located in the cell annular region is defined as VOLUME 7, 2019 in which step (a) follows the conditional probability theorem. The denominator of (44) is simplified as follow
where the PDF f R 1 (r) is given in (8) . We have approximated the density of SBSs around the typical user, located in the annular region, by λ 2 , and follow the PPP's void probability in step (b). Following the same approximation, the numerator of (44) is derived as
By substituting (45) and (46) into (44) and differentiating the resultant CDF, we can reach to the PDF f X 1 |o∈A annular (x) shown in (15) .
C. PROOF OF LEMMA 3
The CDF of X 2 given that the typical user is located in the cell annular region is defined as
where in step (a), we have applied the conditional probability theorem. The denominator of (47) can be simplified as follows
where in step (a), the density of SBSs is approximated by λ 2 . The numerator of (47) is derived as follows
the first part of (49) can be solved through (6) and (8) by approximating the density of SBSs with λ 2 as follows
the first integral in (49) is derived as follows
where in step (a), the density of SBSs is approximated by λ 2 , and finally, the second integration in (49) is already derived and shown in (48). By substituting (48), (50) and (51) in (47) and differentiating the resultant CDF, we can reach to the PDF f X 2 |o∈A annular (x) shown in (17) .
D. PROOF OF LEMMA 4
The CDF of X 2 given that the typical user is located in the cell outer region is defined as
where in step (a), since the typical user in the outer region shall only associate with the SBS tier, hence, κ = 2 is a sure event, and therefore removed.
Step (b) is because the events R 1 and R 2 are independent.
Step (c) is approximated by assuming that the density of SBSs is λ 2 . By differentiating the CDF in (52) we can reach to the PDF f X 2 |o∈A outer (x) shown in (19) .
E. PROOF OF LEMMA 5
Probability that the typical user is associated with MBS tier is defined as
where in step (a), the joint probability
A inner ] because in the cell inner region the typical user is only associated with MBS tier. The second part of (53) can be derived as follows 1,annular 
where step (a) is evaluated in (45). Substituting (4) and (54) into (53) we obtain (21) . Equation (22) can be derived by dividing (54) by (6) .
F. PROOF OF LEMMA 6
Probability that the typical user is associated with SBS tier is defined as
where in step (a), the joint probability P [κ = 1, o ∈ A outer ] is reduced to P [o ∈ A outer ] because in the cell outer region the typical user is only associated with SBS tier. The second part of (55) can be derived as follows 2,annular VOLUME 7, 2019 where step (a) is evaluated in (48). Substituting (5) and (56) into (55) we obtain (23) . Equation (24) can be derived by dividing (56) by (6) .
G. PROOF OF THEOREM 1
The inner region typical user is served only by the MBS tier. Hence, its coverage probability can be expressed as
where step (a) is achieved by substituting (25) and (26) .
Step (b) follows from the independence of I 1j .
is the Laplace transform of the random variable I 1j given the condition that the typical user is located in the cell inner region and is x distance away from macrocell serving BS. The Laplace transform of the random variable I 1y is evaluated as follows
where in step (a), I 1y is substituted which is given in (26) .
Step (b) follows due to the independence of H y .
Step (c) is obtained using the probability generating functional (PGFL) of 1 .
Step (d) evaluates the Laplace transform of unitary mean; exponentially distributed random variable H y . In step (e), the integration lower limit x 1 , which is the closest interferer in the MBS tier, is approximated by distance x; which is the typical user's distance from its serving BS from MBS tier.
In step (f), the integral is simplified by change of variables with u = (Tx α 1 ) −2 α 1 y 2 and assumingα = 1. Finally, (g) is obtained from (31).
Similarly, the Laplace transform of the random variable I 1z can be approximated by
where in step (a), the closest interfering SBS is considered to be at a distance x 2 = (D 1 − x) from the typical user.
Substituting (14), (58) and (59) into (57) we can reach to the coverage performance for a randomly chosen inner region typical user provided by (32).
H. PROOF OF THEOREM 2
If the annular region typical user is served by the MBS tier, its coverage probability can be expressed as p c,1,A annular (T )
where (a) is achieved through the same procedure as followed in Appendix G above, and the Laplace transform of the random variable I 1j for j ∈ {y, z} is given by
where in (61), the closest interfering MBS is considered to be at a distance x 1 = x, and in (62), the closest interfering SBS is approximated by the distance x 2 ∼ = BP 1 α 2 x from the typical user. Substituting (15) , (61) and (62) into (60) we can reach to (34).
On the other hand, if the annular region typical user is served by SBS tier, its coverage probability can be expressed as
where in (63), we followed the same procedure presented in Appendix G and the Laplace transform of the random variable I 2j for j ∈ {y, z} is given by
and L I 2z |X 2 =x,o∈A annular Tx α 2 P 2 ∼ = exp −π λ 2 ρ (T , α 2 ) x 2 ,
where in (64), the closest interfering MBS is approximated by the distance x 2 ∼ = D 1 , and in (65), the closest interfering SBS is considered to be at a distance x 1 = x from the typical user. Substituting (15), (64) and (65) into (63) we can reach to (35).
Finally, substituting (6), (54), (56), (60), and (63) in (33); the coverage performance for a randomly chosen annular region typical user; provided in Theorem 2, is achieved.
I. PROOF OF THEOREM 3
The outer region typical user is only served by SBS tier; hence, its coverage probability can be expressed as 
where (66) is achieved by the same procedure mention Appendix G above and the Laplace transform of the random variable I 2j for j ∈ {y, z} is given by
where in (67), the closest interfering MBS is approximated by the distance x 2 ∼ = D 2 , and in (68), the closest interfering SBS is considered to be at a distance x 1 = x from the typical user. Substituting (19) , (67) and (68) into (66) we can reach to (36).
J. PROOF OF LEMMA 7
As proved in [9] , the area of the i-th tier cells denoted by C i , can be well approximated by Voronoi cell area formed by a homogenous PPP with density value λ i / i , i.e. C i ∼ = C 0 (λ i / i ) in which C 0 (δ) is the area of a typical Voronoi cell of a homogenous PPP with density δ. There is no closed form expression for the distribution of Voronoi cell area formed by homogenous PPP [24] ; however, in [25] and [26] precise estimates are conducted and the PDF of C i is approximated by
where b = 3.61, q = 3.61 and (q) = ∞ 0 t q−1 e −t dt is the standard gamma function.
Based on this approximation, the PMF of the number of users in a randomly chosen i-th tier cell can be derived as
Provided that the typical user is enclosed in the cell, the PDF of the i-th tier cell area C i was derived in [9] and [27] and given by
With the help of (69-71), it is shown in [7] that the distribution of the number of in-cell users sharing the resource with typical user is as given in (38).
K. PROOF OF THEOREM 4
Since the typical user in the cell inner region is served only by MBS tier, then CCDF of the throughput achieved at the inner region typical user can be expressed as where, step (a) is approximated by assuming the total independence between the distribution of SINR 1 and the PMF of load N 1 .
L. PROOF OF THEOREM 5
The CCDF of the throughput achieved at the annular region typical user can be expressed as
where, step (a) is approximated by assuming the total independence between the distribution of SINR i and the PMF of load N i,annular .
M. PROOF OF THEOREM 6
The CCDF of the throughput achieved at the outer region typical user can be expressed as where, step (a) is approximated by assuming the total independence between the distribution of SINR 2 and the PMF of load N 2 .
